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ABSTRACT

Numerical integration plays one of the most important roles in Applied Mathematics. The goal of the
numerical integration is finding a better approximation value of a definite integral using numerical
techniques which is highly challengeable. Numerous methods have been proposed in the literature to
compute numerical integration. In this paper, we propose a better approach using second order
Taylor polynomial to estimate the definite integrals and compare the accuracy of our method with
different procedures available in the literature using an example. Also, we drive an upper bound
estimation for the error. It is observed and illustrated that the proposed study provides more accurate
results compared to the existing approaches.
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1. INTRODUCTION

Numerical integration is a process or technique of how the approximate
numerical value of a definite integral can be found (Ullah, 2015). It has been
successfully applied to study problems in fields of Mathematics, Engineering,
Physical Sciences and Computer Science. The term integral may also denote
the notion of anti-derivative, a function F whose derivative is the given
function f.

Many mathematics researchers already have done broad investigations in the
field of numerical integration. The purpose of this paper is to give an
alternative method to find a better approximate value of definite integrals.

A definite integral is defined as a limit of Riemann sums and any Riemann
sum could be used as an approximation to the integral (Kaw Autar, Keteltas
Michael, 2012).

Let us consider a function f(x) defined on a closed interval [a, b]. Divide the

interval [a, b] into n subintervals of equal width Ax = %

We choose xy(= a),x1, X3, cuv o ,X,(= b) be the endpoints of these
subintervals. The definite integral of f(x) from ato b is

[ s = im > rapn
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provided that the limit exists, where x;* is any point in the i subinterval
[xi—1, xi], | = 1,2,...... n (Stewart, 1999). If the limit exists, f is said to be
integrable on [a, b].

2. METHODOLOGY

We will define an approximation function P,(x) on the interval [x;, x;41]
by,

Pa) = ) D0 L )= )+ F ), (1)
and hence,

f P,(x)dx = l“[f"( DEZE L - w) + F)

(Peer, 2015).

We shall drive a formula for the approximation of the integral f;f(x)dx using

midpoints of the subintervals of the interval [a, b]. Let x; be the midpoint of
[xl-, xl-+1]. Then,

D = Xit+1 X
[ reodx ~ Z [f"( 0 S L - 7+ £ ]dx

=0 Xi

n-—1 :
1 x— %) x— %) ™
- Y @S @ % N
i=0 X
Substituting  x; = %(xm + x;), we get the left hand side is
n—1 1 . 1 , i
= z {—f (%) [Z(XHI - X;) ] + f (&) (xip1 — %) }

—0
n—

Z [24f"(fi)(AX)3 + f(x)(Ax) ] _
i=0

~

Thus,

f bf(x)dx ~ ni Ax if”(af-)(Ax)2+f(>?-)
. ~ £ 24 i i '
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3. ERROR BOUND

In this section, let us prove two theorems related to the upper bound for
error that occur due to this approximation.

Theorem 1  Let the given function f be continuous over the interval [a, b]
and n be the number of subintervals which partitions the interval [a, b]. Let
¢ € [a, b] be such that

1f ()l = C{Qggg)lf(f)l

Then the error E;, for the Second Degree Taylor Polynomial Approximation
of Line Integral satisfies

(b—a)*

Er] £ ——|f®(&)|.

|Erl < =[P &)

Proof: Let us assume that the function f is continuously differentiable (at
least third derivative exist) on (a, b). Let E; be the error of i!" interval then total
error Er is sum of E;’s (Kaw Autar, Keteltas Michael, 2012).

Thus

Let us write
f(x) = P,(x) + R;(x)

where R;(x) is the remainder of the second degree Taylor approximation of f.

©3
Then, R;(x) = &(x — x;)% for some ¢; € [x;, x] (Heinbockel, 2004).

3!
Assume f'" is continuous on [a, b]. Then by intermediate value theorem

(Heinbockel, 2004), there exist ¢; € [a, b] such that,

nr

FPC] = max|f OOl = [FP¢], i=012,.n-1.
Therefore,
3)
IR0 < 522 (x — x)? i=0,1,2,...,n—1.
Thus,
Xit+1

|E;|

[ 170 - ponax| < | @ - pel

X
Xi+1
- j IR,(x)] dx
Xi
|f(3) (fo)l Xit1

—_— (x — x;)3dx.
3 ), l

IA
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= —lf(sif())l (xip1 — x)*.
|f(3)(€0)|(A )
This implies that,
5 <260 (3)(5")' (8x)*,

Hence, the total error is
n-—1

> 5

f(3) (fo)l

|ET| =

n-—

(Ax)*.

M

l:
(b
a 24n3

b
£ = & o)

|f(3)(€ |-

Theorem 2 Let f € C3[a,b] h =

(b;a) , and x; =

131

, for each i =

0,1,...,n. There exists a ¢ € [a, b] for which the P,(x) Approximation Using

Midpoints for n subintervals can be written with its error term as

b n-1 1 b
| reodx= ZO [h (W"m)hz ¥ f(z-))] 8D yspe)

Proof:
Let f € C3[a,b], h =
exists a ¢ € [a, b] such that

(b—a)
n

n—1%i+1 n—1%i+1
f FoO)dx = Z f f(x)dx—z f (P, + R,)dx.
a=xg i=0 X i=0 X
n-1~%i+1 n—1%i+1
=ZJ Pzdx+Zf R,dx
=0 X i=0 X
n-1_ n—1Xi+1

1 ‘ 1
- z _h <ﬁf”(fi)h2 + f(azi)>_ +Z f cr— x)3f®(&)dx.

1 — 1
h (ﬁf”(fi)hz +f(fl-)) 2—4 (= X)),

,and x; = a+ih, for eachi = 0,1, ...,

n. There
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< f”(x)h2+f(x)

1
<—f' (x)h* + f (%)
< f"@EDR? + f(x)

f”(x Dh? + f(x; )> +ih4

n-1

i=0

n-—1 1

£ B,
i=0

D FO®.
1

+ ﬁh“nf(”(f).

1
+ﬁh3(b —a)f D).

| f(x)dx—Z[ (57w + s )| + C 52w,

n—-1

=0

n-1_
:Z h

i=0

n-1_
ZZ h\22

1=0

n-1_
_z n 1
B 24

1=0
Hence,
4, RESULTS

132

We show the results of our Propose Approximation Method (P.A.M) compared
with the Tangent Line Approximation (Tangent), Midpoint Rule (Mid), Trapezoidal
Rule (Trapz) and Simpson’s Rule (Simps) as n increases. The results are tabulated

in table 4.

1

Table 4.1 Comparison of foz_'ls(3 logx + 2x% — sinx)dx for n = 5,n = 10,n = 50 and n = 100.

n - subintervals

n=5 n=10 n =50 n=100
Value Error Value Error Value Error Value Error
Trapz 8.7744 | 0.2084 | 8.9139 | 0.0689 | 8.9795 0.0033 8.9820 | 8.3266e-04
Simp 3.9809 | 5.0019 | 8.9603 | 0.0225 | 8.9827 | 1.3976e-04 | 8.9828 | 1.0280e-05
Mid 9.0533 | 0.0705 | 9.0126 | 0.0298 | 8.9844 0.0016 8.9832 | 4.1531e-04
Tang | 10.5761 | 1.5933 | 9.2973 | 0.3145 | 8.9909 0.0081 8.9847 0.0018
P.AM | 9.0075 | 0.0247 | 8.9868 | 0.0040 | 8.9828 | 1.5196e-05 | 8.9828 | 1.0126e-06

Proceedings of 9" International Symposium (Full Paper), South Eastern University of Sri Lanka,

Oluvil. 27t —

28" November 2019, ISBN: 978-955-627-189-8




IntSym 2019

9" |nternational Symposium

()

133
3Iog(x)+2x2-sin(x)
60 ‘
‘\ Trapz
| Simps
| ——— Mid
| — — — Tangent
50 — \ ——PAM |
|
|
|
|
40 |
|
s |
] |
c |
2 |
© 30 -
£ \
< |
o |
Q
Q |
< |
|
20 —
|
\
|
|
\
10 N
\
\
0 A [t et [ Ao L \ 1 L
0 2 4 6 8 10 12 14 16 18
Number of subintervals (n)

Figure 4.1 Graph of the
subintervals n increases.
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approximate error for given in Table 4.1 as the number of
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Figure 4.2 Graph of the approximate error for P.A.M as the number of subintervals n
increases.
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5. CONCLUSION

In this paper, we proposed a formula for approximating definite line integrals. Our
approximation formula gives more efficient results in the point of accuracy compared
to some of existing methods.
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